An easily constructed and operated polarimeter precisely determines the relative Stokes parameters that characterize the polarization of laser light. The polarimeter is calibrated in situ without removing or realigning its optical elements, and it is largely immune to fluctuations in the laser beam intensity. The polarimeter's usefulness is illustrated by measuring thermally-induced birefringence in the indium-tin-oxide coated glass field plates used to produce a static electric field in the ACME collaboration's measurement of the electron electric dipole moment.
I. INTRODUCTION
Light polarimetry remains extremely important in many fields of physics [1] . Measurements of the polarization of light reveal information about interactions between excited states of atoms [2] . Among many applications in astronomy [3] , the polarization of light from interstellar dust reveals the magnetic field that aligns the dust [4, 5] . Light polarization also probes the magnetic field in the plasmas used for nuclear fusion studies, insofar as magnetic fields cause the Faraday rotation of linear light polarization and Cotton-Mouton changes in light ellipticity [6] . For the most precise measurement of the electron's electric dipole moment, polarimetry of the thermally-induced circular polarization gradient within glass electric field plates was crucial for understanding the mechanisms that dominantly contributed to the systematic uncertainty [7] .
Drawing upon the early work of G. G. Stokes [8, 9] , and a later experimental realization [10] , we investigate the limits of a rotating waveplate polarimeter for determining the polarization state of partially polarized laser light. The design is easy to realize and is robust in its operation. With a calibration procedure introduced here, it is straightforward to internally calibrate the polarimeter without the need to remove or realign optical elements. The polarimeter is designed to be largely immune to fluctuations in light intensity, and it has been used at intensities up to a 100 mW/mm 2 . The relative fractions of circularly polarized and linearly polarized light can typically be measured with uncertainties below 0.1 % and 0.4 %, respectively.
Light polarization can be measured in various ways [11] . Polarimeters similar to ours, but lacking the internal calibration mechanism and immunity to intensity fluctuations, can handle up to several mW/mm 2 [12, 13] and attain uncertainties less than ±0.9% in the Stokes parameters; they have even been recommended for student labs [14] . Lower precision is also typically attained using other measurement methods. Light is sometimes split to travel along optical paths with differing optical elements, the polarization state being deduced from the relative intensities transmitted along the paths [15] [16] [17] [18] . Alternatively, the light can be analyzed using optical elements whose properties vary spatially, with the polarization revealed by the spatially varying intensity [19] [20] [21] .
The usefulness of our internally calibrated polarimeter is demonstrated by characterizing a circular polarization gradient across a nominally linearly polarized laser beam. This gradient is produced by thermally-induced birefringence caused by the high intensity of the laser light traveling through glass electric field plates coated with an electrically conducting layer of indium tin oxide. Such spatial polarization gradient contributes substantially to the systematic uncertainty in the first-generation ACME measurement of the electron's electric dipole moment [7] . The small and well-characterized uncertainties of the polarimeter make it possible to characterize new glass electric field plates that were designed to produce much smaller spatial polarization gradients in the secondgeneration ACME apparatus. This paper is structured as follows: After reviewing the Stokes parameters in Section II and introducing the basics of a rotating waveplate polarimeter in Section III, we describe its laboratory realization together with the intensity normalization scheme in Section IV. Section V summarizes how to extract the Stokes parameters from a polarimeter measurement. The calibration technique we developed and our analysis of the uncertainties is presented in Section VI. Finally, we illustrate the performance of the polarimeter with an ellipticity gradient measurement in Section VII.
II. STOKES PARAMETERS
At any instant point in space and time, the electric field of a light wave points in a particular direction. If the electric field follows a repeatable path during its oscillations, the light wave is said to be polarized. Averaged over some time that is long compared to the oscillation period of the light, however, the light may be only partially polarized or even completely unpolarized if the direction of the electric field varies in a non-periodic way. Stokes showed that fully polarized light and partially polarized light can be characterized, in principle, by intensities transmitted after the light passes through each of four simple configurations of optical elements:
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The total intensity I, and the two linear polarizations M and C, are given in terms of intensities I(α) measured after the light passes through a perfect linear polarizer whose transmission axis is oriented at an angle α with respect to the polarization of the incoming light. The circular polarization S is the difference between the intensity of right-and left-handed circularly polarized light, I RHC and I LHC , that, as we shall see, can be deduced using a quarter-waveplate followed by a linear polarizer [11] .
relates the four Stokes parameters in this case. While I describes the total light intensity, the dimensionless quantities M/I, C/I and S/I determine the polarization state of light. The linear polarization fraction is L/I = (M/I) 2 + (C/I) 2 and the circular polarization fraction is S/I, with
Because the relative intensities are summed in quadrature, nearly complete linear polarization (e.g. L/I = 99%) corresponds to a circular polarization that is still substantial (e.g. S/I = 14%). Points on the Poincaré sphere ( The linear rotation angle is defined by tan 2ψ = C/M and the ellipticity angle is defined by S/I = sin 2χ.
B. Partially Polarized Light
The light is partially polarized if the amplitudes E 0x and E 0y and the phase φ fluctuate enough so that an average over time reduces the size of the average correlations between electric field components. The Stokes parameters are then defined by the time averages of Eq. 3, with the averaging interval being long compared to both the oscillation period and the inverse bandwidth of the Fourier components that describe the light. The unpolarized part of the light contributes only to the first of the four Stokes parameters, I, and not to M , C or S. The polarization fraction that survives the averaging, P , is given by
When P = 1, the light is completely polarized and the polarization vector describes a point on the Poincaré sphere. For partially polarized light, the length of the polarization vector is shortened such that it will now describe a point inside the sphere. When P = 0, the light is fully unpolarized.
III. ROTATING WAVEPLATE POLARIMETER
The general scheme of a rotating waveplate polarimeter is shown in Fig. 2 . Light travels first through a quarter-waveplate which can be rotated to determine the polarization state. The light then travels through a linear polarizer which can be rotated to internally calibrate the angular location of the fast axis of the waveplate and the orientation angle of the linear polarizer transmission axis. All optical elements are aligned such that they are in planes perpendicular to the optical axis.
Although the measurement axis of the polarimeter is normal to its optics, the choice of the reference plane (shaded in Fig. 2 ) is arbitrary. We typically choose this plane to be aligned with the transmission axis of a calibration polarizer, through which we can pass light before it enters the polarimeter. With respect to this reference plane, the fast axis of the waveplate has an angle β =β + β 0 , whereβ is the angle of the fast axis of the quarter-waveplate with respect to an initially unknown offset angle β 0 . Analogously, the transmission axis of the polarizer is α =α + α 0 , whereα is the angle of the polarizer transmission axis with respect to an initially unknown offset angle α 0 . The linear polarizer transmission angle α is left fixed during a determination of the four Stokes parameters for the incident light, and we typically setα = 0 so that α = α 0 . For the internal calibration procedure the linear polarizer is rotated by an angleα = 45
• . This calibration procedure (see Section VI A for more details) determines β 0 , α 0 and the phase delay between the components of the light aligned with the slow and fast axes of the waveplate, δ ≈ π/2.
Simple linear optical elements like this can be described by a Jones matrix that relates the electric field incident on the optical elements to the electric field that leaves the elements [11] . Equivalently, a Mueller matrix M transforms an input Stokes vector into the Stokes vector for the light leaving the optical elements [11] ,
A succession of two such matrices describes the rotating waveplate polarimeter of Fig. 2 :
The Mueller matrix for a waveplate whose fast axis is oriented at an angle β with respect to a reference plane, and whose orthogonal slow axis delays the light transmission by an angle δ is [11, [22] [23] [24] [25] 
The Mueller matrix for a linear polarizer [11, [22] [23] [24] [25] with transmission axis oriented at an angle α with respect to the reference plane isP
cos 2α sin 2α 0 sin 2α cos 2α sin 2α sin
In order to extract the Stokes parameters of the incoming light, S in , we use a photodetector to measure the intensity of the output light, I out , which is given by
The I, M , C and S, upon which this measured intensity depends, are the Stokes parameters of the incident beam which we wish to determine. This result is in agreement with Stokes [9] forβ = β 0 = 0 and with [10, 26] . 
IV. LABORATORY REALIZATION AND INTENSITY FLUCTUATIONS
Our realization of a rotating waveplate polarimeter (to scale in Fig. 3 (a) ) utilizes a quarter-waveplate (Thorlabs WPQ05M-1064), a polarizer (Thorlabs GL10-B) and two detectors (Thorlabs PDA100A). The waveplate is mounted on a first rotation stage, while the linear polarizer and the two detectors are mounted on a second rotation stage (both Newport URS50BCC).
The aperture before the polarimeter constrains the collimation of the beam inside the device. If the aperture is too large, the imperfections of optical elements (e.g. spatial inhomogeneity of the waveplate retardance) reduce the accuracy of the measurement. An aperture that is too small results in errors due to diffraction. We found that an aperture with a diameter of 1 ± 0.25 mm minimized the uncertainties for our measurements at the wavelength of 1090 nm. The second aperture is used to align the polarimeter by maximizing the light admitted by the pair of apertures.
For measuring the polarization we typically vary the angleβ over time with 120 discretized valuesβ = {0
• , 3
• , . . . , 357
• } covering one full rotation of the waveplate. We are able to similarly rotate the linear polarizer angle for the internal calibration, though a more restricted calibration rotation turns out to be optimal for reducing the uncertainties (see Section VI A).
Fluctuations in light intensity contribute noise in the measured polarization since it is deduced from the intensity of light transmitted through the polarimeter. For the sample measurements to be discussed, intensity fluctuations on the scale of few percent over the time of one polarimetry measurement contributed to fluctuations in measurements of S/I of up to ∼ 2%.
To cope with these fluctuations, we implemented a normalization scheme that works at the high powers needed for our measurements. The Glan-laser polarizer in the polarimeter ( Fig. 3 (b) ) was chosen because it is suitable for our higher power requirements (unlike a Wollaston prism which has optical contacting adhesives and a lower damage threshold). This polarizer transmits light with one polarization, and sends the remaining light out through a side port where we detect it for normalization purposes.
The intensity of the incoming light source is proportional to the sum of both detector voltages. Relative gain and offset factors are applied to account for detector differences. The weighted sum signal is then used to correct the intensity of the light transmitted through the polarimeter to reduce the effect of intensity fluctuations. The calibrated offset and gain constants minimize the variation in the inferred intensity of light incident on the Glan-laser polarizer.
V. EXTRACTING THE STOKES PARAMETERS
A measured signal on the polarimeter detector in Fig. 4 illustrates the variation of the transmitted intensity with the waveplate angleβ that is described in Eq. 12. In terms of its Fourier components, Eq. 12 can be written as
with the Fourier coefficients
These Fourier components can be extracted from measurements like the one in Fig. 4 . The circular polarization S is related to S 2 and C 2 . The linear polarization intensities, M and C, are related to C 0 , S 4 and C 4 . Inverting Eqs. 14 determines the Stokes parameters of the incoming light in terms of the Fourier coefficients:
The Stokes parameters are thus determined by the Fourier coefficients that are extracted from measurements like the one in Fig. 4 , along with the values of the angles α 0 , β 0 and δ from the calibration to be described. The angleα is 0 during a polarization measurement and is stepped away from 0 only during a calibration, as we shall see.
Both of the two expressions for S must be used cautiously given the possibility that a denominator could vanish. Combining them gives a more robust expression that is independent of the two calibration angles, α 0 and 
We choose to make the angle 2(α 0 −β 0 ) small, whereupon |S 2 | > |C 2 | for nonvanishing S and the sign of S is that of −S 2 . Similarly, combining equations (15b) and (15c) gives a more robust expression for the magnitude of the linear polarization L = √ M 2 + C 2 , independent of α 0 and β 0 ,
Of course, both S/I and L/I still depend on all of the calibration angles since I does, but the use of the more robust expression can reduce the uncertainties in S/I and L/I.
VI. CALIBRATION AND UNCERTAINTIES
The in situ calibration procedure is centrally responsible for the low uncertainties realized with this polarimeter. The basic idea is to rotate the linear polarizer in order to calibrate the angles α 0 , β 0 and the waveplate delay δ (which varies with wavelength). This has been done before [10] . The advance here is to determine the optimal rotation needed to minimize the calibration time and uncertainties. We avoid realignments of optical elements caused by either temporarily removing or by flipping optical elements with respect to the light transmission axis [26] .
The uncertainties arising from the calibration cause uncertainties in the measured Stokes parameters, as do the uncertainties with which the Fourier coefficients C 0 , C 2 , C 4 , S 2 , and S 4 are determined. Statistical uncertainties that can be averaged down with more measurements are typically on the order of 0.01% for S/I and 0.05% for L/I. We also discuss the systematic uncertainties that arise in addition to calibration uncertainties, specifically discussing those that arise from waveplate imperfections, misalignment of the incident light pointing relative to the measurement axis, and the finite extinction ratio of the polarizer.
A. Calibration Method
The calibration procedure starts with a high extinction ratio polarizer placed in the light beam before it enters the polarimeter. The light analyzed by the polarimeter is in this case known to be almost fully polarized. The transmission axis of this external calibration polarizer then defines the reference plane in terms of which the linear polarizations M and C are determined. For the relative Stokes vector (1,0,0), Eqs. (15) simplify to
For the third linearly independent equation needed to determine the three calibration parameters we rotate the linear polarizer fromα = 0 toα = 45
• , a choice shortly to be justified, whereupoñ
These cumbersome equations simplify when the waveplate is reasonably close to being a quarter-waveplate, whereupon cos δ π 2 − δ. They simplify further when we deliberately choose to make α 0 small, which means that the zero-axis of the internal polarizer is approximately aligned with the external polarizer that defines the reference plane for the Stokes parameters. The greatly simplified calibration equations are then
The uncertainty in α 0 is determined by the standard error propagation:
with α 0 from Eq. 21 given our simplifying choice to make α 0 small. To illustrate that the choiceα ≈ 45
• minimizes uncertainties, Fig. 5 shows the uncertainty in α 0 for a typical choice of uncertainties in the normalized Fourier coefficients of 0.05% and an uncertainty inα of 0.02
• . Forα close to 0
• or 90
• the equations (18) and (19) infinity. The 45
• choice minimizes the uncertainties in calibration parameters, typically making them less than 0.1
• , when the uncertainties in the Fourier coefficients are approximately equal.
To summarize, these are the calibration steps:
1. Place a linear polarizer before the polarimeter. Its polarization axis then defines the reference plane for M and C. Setα = 0.
2. Perform at least one full rotation of the waveplate recording the output intensity I out (β).
3. Determine the Fourier coefficients C 0 , C 4 , and S 4 from the scan in step 2.
4. Rotate the polarizer inside the polarimeter byα = 45
• and repeat step 2.
5. Determine the Fourier coefficientsC 0 ,C 4 , andS 4 from the scan in step 4.
6. Using the Eqs. (18)- (19), calculate the calibration parameters δ, α 0 , and β 0 from the measured Fourier coefficients.
B. Calibration Uncertainties
Typically our calibration procedure determines the waveplate delay to about 0.1
• out of δ ≈ 90
• . For our choice of angles, α 0 = 2
• and β 0 = 20
• , we typically determine the differences α 0 − β 0 and α 0 − 2β 0 to better than 0.1
• . It is straightforward but tedious to propagate uncertainties of this size to resulting uncertainties in the relative Stokes parameters. Fig. 6 shows the contribution of the uncertainty in α 0 − β 0 alone to errors in S/I and L/I with a dashed curve. This is typically much smaller than the contribution from the uncertainty in δ alone, shown with a solid curve.
The calibration uncertainties for S/I are always below 0.1%, and the calibration uncertainties for L/I are below 0.35% for any analyzed input polarization. For our example measurement of small S/I values the calibration uncertainty is below 0.05%.
C. Waveplate Imperfections
Even after input intensity fluctuations were normalized out, there was still a variation in the transmitted light intensity as the waveplate rotated. The initially observed variation, for an achromatic waveplate (Thorlabs AQWP05M-980), is shown by the light gray points in Fig. 7 . This variation limited the uncertainty in S/I to about 0.3%. Using instead a monochromatic waveplate (Thorlabs WPQ05M-1064) suppressed the systematic error, as shown by the dark gray points in Fig. 7 . The remaining variations typically contribute an uncertainty of less than 0.01% in the normalized Fourier coefficients. This translates into an error in S/I of smaller than 0.01%.
A similar systematic error was observed in astrophysical applications of rotating waveplate polarimeters [27, 28] . There, by looking at the wavelength dependence of the systematic, it was shown that the ripple of the rotating waveplate transmittance is caused by a Fabry-Perot-type interference effect. Later investigations confirmed this phenomenon [29, 30] .
D. Misalignments
The waveplate and the polarizer that make up the polarimeter are ideally aligned so that their optical surfaces are exactly perpendicular to the direction of propagation of the laser beam. Fig. 8 shows an example of the systematic uncertainty that arises in measurements of S/I due to misalignments. We routinely align the polarimeter to better than 0.05
• which translates into uncertainties of 0.005% in S/I and 0.05% in L/I.
E. Finite extinction ratios of the polarizers
The two linear polarizers used within and ahead of the polarimeter each have a finite extinction ratio r. A simple model of a polarizer perfectly transmits light along one axis and suppresses light transmission by a factor of r along the orthogonal axis. The corresponding Mueller matrix [24] for such a polarizer iŝ
(24) For polarizers used here, r 10 −5 rather than being perfectly r = 0.
For calibration, the relative Stokes vector sent into the polarimeter after circular polarized light passed through an imperfect calibration polarizer is
For an extinction ratio of r ∼ 10 −5 , there is a residual S/I of up to 2 √ r 0.6%. Numerically solving Eqs. (15) with the residual Stokes parameters, the error on the calibration parameters is found to be less than 0.1 • for α and β 0 , and smaller than 0.001
• for δ. The finite extinction ratio of the polarizer in the polarimeter modifies the Fourier components measured in the out-going intensity I out . Eq. 12 is re-obtained with the transformation of the Stokes parameters M → M (1 − 2r), C → C(1 − 2r) and S → S(1 − 2r). That means that the measured Stokes parameters differ from the true values by a factor 1/(1 − 2r) 1 + 2r, which is 0.002% for r 10 −5 . A summary of the investigated systematic errors for S/I < 30% and L/I > 95%, as it is in our applications, is in Table I . The leading error is due to the calibration of the retardance of the waveplate. The net uncertainty in S/I is smaller than 0.1%. The systematic errors for L/I are significantly larger, up to 0.4%, mainly because of higher sensitivity to the waveplate delay, δ. From Eqs. 16 and 17, S ∝ sin −1 (δ) and L ∝ sin −2 (δ/2); a small deviation from δ = 90
• is a first order effect in L and is second order for S.
VII. APPLICATION: THERMALLY-INDUCED BIREFRINGENCE
To illustrate the use of our internally calibrated polarimeter we measure the circular polarization induced in laser light intense enough to create thermal gradients in glass electric field plates coated with a conducting layer of indium tin oxide used in the ACME measurement of the electric dipole moment of the electron. This effect contributed to a systematic error mechanism that dominated the systematic uncertainty in a measurement that was an order of magnitude more sensitive than previous measurements [7] . The polarimeter makes it possi- ble to see whether improved electric plates produced for a second-generation experiment succeed in reducing the thermally-induced birefringence.
To measure the polarization induced by the field plate birefringence, we start with a collimated high-power laser beam with the total power of 2 W, wavelength 1090 nm, and a circular Gaussian beam shape with waists of w x w y 1.4 mm. The laser beam is first polarized with the Glan-laser polarizer and then expanded in the y direction using two cylindrical lenses with focal lengths of f = 10 mm and f = 200 mm, so that the beam shape is elongated with w x = 1.4 mm w y 30 mm. The laser beam then passes through the glass plate and enters the polarimeter. S/I is measured as the polarimeter is translated on a linear translation stage in the x direction across the narrow illuminated area on the field plate.
We compare the spatial gradient in S/I for ACME's first-and second-generation plates. The first-generation plate was made of borosilicate glass with a thermal expansion coefficient of 3.25 · 10 −6 1/K [31] . The indium tin oxide layer was 200 nm thick. The second-generation plate was designed to reduce the thermally-induced birefringence. It is made of Corning 7980 glass with a lower thermal expansion coefficient of 0.52 · 10 −6 1/K [32] . To reduce absorption, the new indium tin oxide layer is thinner, at 20 nm.
The measured changes in S/I are shown in Fig. 9 . The intensity profile of the laser beam in the x direction is the upper dashed curve. The spatial variation of S/I for the first-generation plate are the dark gray points, with a smooth curve from a theoretical model [33, 34] that is beyond the scope of this report. The much smaller spatial gradient of the light gray points was measured with the second-generation plate. The substantial reduction, from S/I = 0.6% to S/I < 0.1%, bodes very well for suppressing some systematic errors in the ACME's second-generation measurement. The small uncertainties realized with the internally calibrated polarimeter are essential for this demonstration.
Although circular polarization gradients are less than 0.1% over the diameter of the laser beam, this small variation is superimposed upon a much larger S/I ≈ 8% offset. This offset can be reduced to be less than 0.1% by aligning the intensity profile of the intense laser with the polarization axis. However, the offset is a reminder that mechanical stress in optical windows and other optical elements will typically produce birefringence.
The 8% offset in our experiment comes primarily from stress in the 5.5 x 3.5 inch vacuum windows that are 0.75 inch thick, made from the same material as the field plates. With atmospheric pressure on both sides of these windows, adjusting the tension in screws holding the windows to the vacuum chamber changed S/I from about 8% to 6%. Pumping out the chamber to put a differential pressure of one atmosphere across such a window typically changed S/I by up to 3%. Related measurements with the polarimeter showed that optical elements such as a zero-order half-waveplate could produce circular polarization of up to 3%. We did not observe unexpected linear polarization changes from the windows larger than the systematic uncertainties in the measurement.
VIII. CONCLUSION
A highly sensitive, easy-to-construct polarimeter with high power-handling capabilities is demonstrated. The polarimeter is calibrated internally and in situ, without the need for removing or realigning any optical elements. The calibration procedure is critical for the low uncertainties that have been achieved. A detailed error analysis shows that the S/I Stokes parameter that describes circular polarization can be measured to better than 0.1% whereas L/I is determined to below 0.4%, depending on the value of S/I. The usefulness of a polarimeter with low uncertainty was demonstrated by measuring circular polarization gradients due to thermally-induced birefringence in a glass field plate that is critical to the most precise measurement of the electron electric dipole moment. generation field plates. They also made useful comments on the manuscript.
